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The unpolarized spin-flip isoscalar generalized parton distribution function (Eu + Ed)(x, ξ, t) is
studied in the large-Nc limit at a low normalization point in the framework of the chiral quark-
soliton model. This is the first study of generalized parton distribution functions in this model, which
appear only at the subleading order in the large-Nc limit. Particular emphasis is put therefore on the
demonstration of the theoretical consistency of the approach. The forward limit of (Eu+Ed)(x, ξ, t)
of which only the first moment – the anomalous isoscalar magnetic moment of the nucleon – is
known phenomenologically, is computed numerically. Observables sensitive to (Eu+Ed)(x, ξ, t) are
discussed.
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I. INTRODUCTION
The study of generalized parton distribution functions (GPDs) [1] (see [2–5] for reviews) promises numerous new
insights in the internal structure of the nucleon [6–8]. GPDs can be accessed in a variety of hard exclusive processes
[9] on which recently first data became available [10]. Current efforts [11] to understand and interpret the data rely,
at the early stage of art, on modeling Ansa¨tze for GPDs – which have to comply with the severe general constraints
imposed by the polynomiality and positivity properties of GPDs [12, 13]. Model calculations [14–21] can provide
important guidelines for such Ansa¨tze – in particular in the case of those GPDs for which not even the forward limit
is known from deeply inelastic scattering experiments. In this work we study the unpolarized GPD Ea(x, ξ, t) in the
chiral quark soliton model (χQSM) [22, 23].
The model describes the nucleon in a field theoretic framework in the limit of a large number of colours Nc as a
chiral soliton of a static background pion field. Numerous nucleonic properties – among others form factors [24, 25]
as well as quark and antiquark distribution functions [26–34] – have been described in this model without adjustable
parameters, typically to within an accuracy of (10 − 30)%. The field-theoretical character is a crucial feature of the
χQSM which is responsible for the wide range of applicability and which guarantees the theoretical consistency of
the approach. In Refs. [15–17] it was demonstrated that the χQSM consistently describes those GPDs, which are of
leading order in the large Nc-limit.
In this work we extend the formalism of Ref. [15] to the description of unpolarized GPDs which appear only at
subleading order in the large-Nc expansion. We pay particular attention to the demonstration of the consistency
of the approach. After checking explicitly that the model expressions for GPDs satisfy polynomiality, relevant sum
rules, etc. we focus on the flavour combination of Ea(x, ξ, t) subleading in large-Nc, namely the flavour singlet, which
– being related to the spin sum rule of the nucleon – is of particular phenomenological interest. The corresponding
flavour structure (Eu − Ed)(x, ξ, t), which is leading in Nc, was already studied in Ref. [15] (cf. [4]). An interesting
issue we shall finally address is, which hard exclusive reactions are particularly sensitive to the GPD (Eu+Ed)(x, ξ, t).
We observe that target single transverse spin asymmetries in two pion production are most promising in this respect.
This note is organized as follows. After a general discussion of the properties of GPDs in Sec. II and a short
introduction to the χQSM in Sec. III, we review in Sec. IV the formalism of the χQSM for GPDs of leading order
in Nc. In Sec. V we generalize the approach to the case of GPDs subleading in Nc, and check its consistency. In
Sec. VI we apply the approach to the numerical calculation of the forward limit of (Eu + Ed)(x, ξ, t) and discuss
phenomenological implications from our result in Sec. VII. Finally, Sec. VIII contains a summary and conclusions.
Technical details on the calculations can be found in the Appendices.
2II. THE UNPOLARIZED GENERALIZED PARTON DISTRIBUTION FUNCTIONS
The unpolarized quark GPDs in the proton are defined as∫
dλ
2π
eiλx〈P′, s′|ψ¯q(−λn2 )6n [−λn2 , λn2 ]ψq(λn2 )|P, s〉
= Hq(x, ξ, t) U¯(P′, s′)6nU(P, s)
+Eq(x, ξ, t) U¯(P′, s′)
iσµνnµ∆ν
2MN
U(P, s), (1)
where [z1, z2] denotes the gauge-link, and the renormalization scale dependence is not indicated for brevity. The
light-like vector nµ satisfies n(P ′ + P ) = 2. The skewedness parameter ξ, the four-momentum transfer ∆µ and the
Mandelstam variable t are defined as ∆µ = (P ′ − P )µ, n∆ = −2ξ, t = ∆2. The antiquark distributions are given by
H q¯(x, ξ, t) = −Hq(−x, ξ, t) and similarly for E q¯(x, ξ, t). The unpolarized GPDs are normalized to the corresponding
elastic (Dirac- and Pauli-) form factors
1∫
−1
dx Hq(x, ξ, t) = F q1 (t) ,
1∫
−1
dx Eq(x, ξ, t) = F q2 (t) . (2)
The relations (2) are special cases of the polynomiality property [2] which follows from hermiticity, parity, time reversal
and Lorentz invariance, and implies that the N th Mellin moment of an unpolarized GPDs is a polynomial in even
powers of ξ of degree less than or equal to N
1∫
−1
dx xN−1Hq(x, ξ, 0) = h
q (N)
0 + h
q (N)
2 ξ
2 + . . .+
{
h
q (N)
N ξ
N for N even
h
q (N)
N−1 ξ
N−1 for N odd,
(3)
1∫
−1
dx xN−1Eq(x, ξ, 0) = e
q (N)
0 + e
q (N)
2 ξ
2 + . . .+
{
e
q (N)
N ξ
N for N even
e
q (N)
N−1 ξ
N−1 for N odd.
(4)
As a consequence of the spin 12 nature of the nucleon the coefficients in front of the highest power in ξ for even
moments N are related to each other by
h
q (N)
N = − eq (N)N =
1∫
−1
dz zN−1Dq(z) , (5)
and arise from the so-called D-term Dq(z) with z = x/ξ which has finite support only for |x| < |ξ| [35]. The D-term
governs the asymptotics of unpolarized GPDs in the limit of a large renormalization scale [4] and is related to the
distribution of the pressure and shear forces acting on the partons in the nucleon [8].
In the large-Nc limit different flavour combinations of GPDs and of the D-term exhibit the behaviour [4]
(Hu +Hd)(x, ξ, t) = N2c f(Ncx,Ncξ, t) , (H
u −Hd)(x, ξ, t) = Nc f(Ncx,Ncξ, t) ,
(Eu + Ed)(x, ξ, t) = N2c f(Ncx,Ncξ, t) , (E
u − Ed)(x, ξ, t) = N3c f(Ncx,Ncξ, t) ,
(Du +Dd)(z) = N2c f(z) , (D
u −Dd)(z) = Nc f(z) . (6)
The functions f(u, v, t) and f(z) (which are of order O(N0c ) and which we do not distinguish for notational simplicity)
are stable in the large-Nc limit for fixed values of u, v, z, t = O(N0c ). Eq(x, ξ, t) is systematically enhanced by one
order inNc with respect toH
q(x, ξ, t) due to the nucleon massMN = O(Nc) appearing in the denominator on the right
hand side of Eq. (1). As a consequence the flavour combination of Hq(x, ξ, t) leading in Nc, namely (H
u+Hd)(x, ξ, t),
and the flavour combination of Eq(x, ξ, t) subleading in Nc, namely (E
u + Ed)(x, ξ, t), have the same order in Nc.
This is natural from the point of view of the spin sum rule [6]
∫ 1
−1
dx x
∑
q=u,d,...
(Hq + Eq)(x, ξ, t) = 2JQ , (7)
where 2JQ is the fraction of the nucleon spin due to (spin and orbital angular momentum of) quarks. The flavour
singlets of Eq(x, ξ, t) and Hq(x, ξ, t) enter the left-hand-side of (7) and contribute on equal footing in the large-Nc
limit to JQ = O(N0c ).
3In the forward limit of Hq(x, ξ, t) we recover the unpolarized parton distribution function f q1 (x)
lim
ξ → 0
t→ 0
Hq(x, ξ, t) = f q1 (x) . (8)
The GPD Eq(x, ξ, t) has also a well defined forward limit which, however, is not accessible in deeply inelastic lepton
nucleon scattering. Phenomenologically only the first moment of Eq(x, 0, 0) is known which is given by the anomalous
magnetic moment κq ≡ F q2 (0) with
1∫
0
dx (Eu − Eu¯)(x, 0, 0) = κu = 1.673 ,
1∫
0
dx (Ed − Ed¯)(x, 0, 0) = κd = −2.033 . (9)
III. THE CHIRAL QUARK-SOLITON MODEL (χQSM)
The effective chiral relativistic field theory underlying the χQSM is given by the partition function [36, 37]
Zeff =
∫
DψDψ¯DU exp
(
i
∫
d4x ψ¯ (i 6∂ −M Uγ5)ψ
)
, (10)
where ψ and U = exp(iτaπa) are the SU(2) chiral quark and pion fields with Uγ5 ≡ exp(iγ5τaπa), and M is the
dynamical quark mass. The effective theory (10) was derived from the instanton model of the QCD vacuum [37, 38].
An important small parameter in this derivation is the instanton packing fraction ρav/Rav ∼ 13 of the dilute instanton
medium, where ρav and Rav are respectively the average size and separation of instantons. The effective theory
(10) contains the Weinberg-Gasser-Leutwyler Lagrangian and the Wess-Zumino term with correct coefficients and
is valid for momenta below a scale set by the inverse of the average instanton size ρ−1av ≈ 600MeV. At this scale
the dynamical quark mass M , which in general is momentum dependent, drops to zero. In numerical calculations
it is often convenient to consider constant M and to apply an appropriate regularization method with a UV-cutoff
of the order of magnitude of ρ−1av . In calculations of (some) GPDs, however, it is important to consider momentum
dependent M [15].
In the large-Nc limit, which allows to solve the functional integral over pion field configurations in the saddle-
point approximation, the effective theory in Eq. (10) describes the nucleon as a classical soliton of the pion field [22]
providing a practical realization of the large-Nc picture of the nucleon [39]. Quarks are described by one-particle wave
functions which are the solutions of the Dirac equation in the background of the static pion field
Hˆeff |n〉 = En|n〉 , Hˆeff = −iγ0γk∂k + γ0MUγ5 . (11)
The spectrum of the effective Hamiltonian (11) consists of an upper and a lower Dirac continuum, which are distorted
by the background field compared to the continua of the free Hamiltonian Hˆ0 = −iγ0γk∂k + γ0M , and of a discrete
bound state level of energy Elev. By occupying the discrete level and the states of lower continuum each by Nc quarks
in an anti-symmetric colour state, one obtains a state with unity baryon number called soliton. The minimization of
the soliton energy Esol with respect to variations of the chiral field U yields the self-consistent pion field Uc, which for
symmetry reasons has the “hedgehog” structure Uc(x) = exp[ierτP (r)] where P (r) is the soliton profile with r = |x|
and er = x/r. The mass of the nucleon is given by
MN = Esol[Uc] = min
U
Esol[U ] , Esol[U ] = Nc
(
Elev +
∑
En<0
(En − En0)
)
reg
. (12)
The soliton energy is (for constant M) logarithmically UV-divergent and has to be regularized – as indicated in
Eq. (12) and described in Ref. [25].
In order to include 1/Nc corrections one has to consider quantum fluctuations around the saddle point solution.
Hereby the (translational and rotational) zero modes of the soliton solution are the only taken into account. In
particular one considers time-dependent rotations of the hedgehog field, Uc(x)→ R(t)Uc(x)R†(t), where the collective
coordinate R(t) is a rotation matrix in SU(2)-flavour space. The path integration over the collective coordinates can
be solved by expanding in powers of the collective angular velocity Ω ≡ −iR†∂tR which corresponds to an 1/Nc
expansion. The latter is justified, since the soliton moment of inertia,
I =
Nc
6
∑
n, occ
j, non
〈n|τa|j〉〈j|τa|n〉
Ej − En , (13)
4is large, namely I = O(Nc), and the soliton rotation is therefore slow. (In Eq. (13) one has to sum over occupied (”occ”)
states n, i.e. over states with En ≤ Elev, and over non-occupied (”non”) states j, i.e. over states with Ej > Elev.)
This procedure – which is referred to as quantization of zero modes – assigns to the soliton a definite momentum and
spin-isospin quantum numbers [22].
The effective theory (10) allows to derive by means of path integral methods unambiguous model expressions for
nucleon matrix elements of QCD quark bilinear operators sandwiched in nucleon states 〈N ′|ψ¯(z1)[z1, z2]Γψ(z2)|N〉,
where Γ is some matrix in Dirac- and flavour space. For local observables such as, e.g., form factors the gauge link
reduces to a unity matrix in colour space. When evaluating non-local operators in the model – as they appear in
GPDs – it is crucial that the effects of gluonic degrees of freedom, which are intrinsic in the gauge link, appear strongly
suppressed with respect to quark degrees of freedom. This is true for twist-2 [40] (and certain twist-3 operators [41])
and guarantees the colour gauge invariance of the model calculation.
If in QCD 〈N ′|ψ¯(z1)[z1, z2]Γψ(z2)|N〉 is scale dependent then the model result corresponds to low a scale of ρ−1 ≈
600MeV. In this way static nucleonic observables [24, 25], twist-2 quark and anti-quark distribution functions [26–34]
have been computed in the χQSM and found to agree to within (10−30)% with experimental data or phenomenological
parameterizations. In [15, 16] the approach was generalized to describe GPDs. The results of the χQSM respect all
general counting rules of the large-Nc phenomenology.
IV. GPDS IN LEADING ORDER OF LARGE Nc
It is convenient to treat the cases of flavour singlet and non-singlet quantities in the model separately for symmetry
reasons. Let us introduce the notation
M(I=0)s′s ≡
∫
dλ
2π
eiλx〈P′, s′|ψ¯(−λn2 ) 6n ψ(λn2 )|P, s〉 (14)
M(I=1)s′s ≡
∫
dλ
2π
eiλx〈P′, s′|ψ¯(−λn2 ) τ3 6n ψ(λn2 )|P, s〉 . (15)
The M(I)s′s are 2× 2-matrices in spin indices which have the following behaviour in the large-Nc limit
tr {M(I=0)} = O(N2c ) , tr {σmM(I=0)} = O(Nc) ,
tr {M(I=1)} = O(Nc) , tr {σmM(I=1)} = O(N2c ) . (16)
These relations do not follow from the dynamics of the model, but are group theoretical consequences of the spin-
flavour structure of the (hedgehog) soliton field. In this sense the relations (16) are model-independent large-Nc results
of QCD [42] which are consequently respected in the χQSM.
In order to evaluate the bi(nucleon-)spinor expression on the right-hand-side of Eqs. (1) one has to consider that
in the large Nc limit the nucleon is heavy, MN = O(Nc), and the kinematics becomes non-relativistic. In particular
we have for the components of the momentum transfer ∆i = O(N0c ) and ∆0 = O(N−1c ). Thus the hierarchy
holds MN ≫ |∆i| ≫ |∆0|, while t = −∆2 = O(N0c ) and ξ = −∆3/(2MN) = O(N−1c ). Here we have chosen
nµ = (1, 0, 0,−1)/MN . Evaluating consequently the right-hand-side of Eq. (1) in this large-Nc kinematics yields for
the flavour-singlet and non-singlet case, respectively,
M(I=0)s′s = 2 δss′ (Hu +Hd)(x, ξ, t) −
iǫ3kl∆k
MN
(σl)s′s
[
(Hu +Hd)(x, ξ, t) + (Eu + Ed)(x, ξ, t)
]
, (17)
M(I=1)s′s = 2 δss′
[
(Hu −Hd)(x, ξ, t) + t
4M2N
(Eu − Ed)(x, ξ, t)
]
− iǫ
3kl∆k
MN
(σl)s′s(E
u − Ed)(x, ξ, t) .
(18)
From Eqs. (17, 18) simple relations follow for the leading (in the large-Nc counting) GPDs
(Hu +Hd)(x, ξ, t) =
1
4
tr{M(I=0)} , (19)
(Eu − Ed)(x, ξ, t) = iMNǫ
3bm∆b
2∆2⊥
tr {σmM(I=1)} , (20)
where “tr” denotes the trace over spin indices and ∆2⊥ = ∆
2 − (∆3)2 = −t − 4M2Nξ2. The subleading structures,
however, appear only in combination with the leading ones
(Hu +Hd)(x, ξ, t) + (Eu + Ed)(x, ξ, t) =
iMNǫ
3bm∆b
2∆2⊥
tr{σmM(I=0)} , (21)
(Hu −Hd)(x, ξ, t) + t
4M2N
(Eu − Ed)(x, ξ, t) = 1
4
tr{M(I=1)} . (22)
5The structures in the square brackets of Eqs. (17, 18) and on the left-hand-sides of Eqs. (21, 22) are analogs of
the relations between the electric and magnetic form factors GqE(t), G
q
M (t) and the Dirac- and Pauli-form factors
F q1 (t), F
q
2 (t), which are given by
GqE(t) = F
q
1 (t) + F
q
2 (t) , G
q
M (t) = F
q
1 (t) +
t
4M2N
F q2 (t) . (23)
The model expressions forM(I=0,1) in leading order of the large-Nc limit were derived in Ref. [15] and the following
results for (Hu +Hd)(x, ξ, t) and (Eu − Ed) were obtained using Eqs. (17, 18)
(Hu +Hd)(x, ξ, t) = MNNc
∫
dz0
2π
∑
n,occ
eiz
0(xMN−En)
×〈n| (1 + γ0γ3) exp(−i z02 pˆ3) exp(i∆Xˆ) exp(−i z
0
2 pˆ
3) |n〉 , (24)
(Eu − Ed)(x, ξ, t) = 2iM
2
NNc
3(∆⊥)2
∫
dz0
2π
∑
n,occ
eiz
0(xMN−En)
×〈n| (1 + γ0γ3)(τ ×∆)3 exp(−i z02 pˆ3) exp(i∆Xˆ) exp(−i z
0
2 pˆ
3) |n〉 . (25)
There are equivalent expressions with
∑
occ → −
∑
non, i.e. where the summation goes over non-occupied states
En > Elev. The possibility of computing in the model quantities in these two independent ways is deeply related
to the locality properties of the model [26]. Numerical results for (24, 25) were presented in Ref. [15], and further
discussed and reviewed in Ref. [4].
Let us emphasize that according to Eq. (8) in the forward limit the right-hand-side of (24) reduces to the model
expression for (fu1 + f
d
1 )(x) [15]. (H
u +Hd)(x, ξ, t) and (Eu − Ed)(x, ξ, t) are correctly normalized to the respective
form factors [15], cf. Eq. (2), and they satisfy the polynomiality conditions in Eqs. (3, 4) [17].
It is worthwhile mentioning that the coefficient of the highest power in ξ of even Mellin moments of (Eu−Ed)(x, ξ, t)
in leading order of large Nc is zero in the χQSM. Also this result is not a dynamical feature of the model, but rather
a group theoretical consequence of the soliton symmetries which ensure the correct large-Nc counting for the flavour-
nonsinglet D-term. In fact, if this coefficient were not zero, then (Eu−Ed) = O(N3c ) would imply (Du−Dd) = O(N3c )
in conflict with the counting rule which states (Du −Dd) = O(Nc), cf. Eq. (6).
V. GPDS IN SUBLEADING ORDER OF LARGE Nc
One has to consider 1/Nc (rotational) corrections toM(I=0,1) in order to study the subleading flavour combinations
(Hu −Hd)(x, ξ, t) and (Eu + Ed)(x, ξ, t). In order to simplify the notation let us introduce
EM (x, ξ, t) = (H
u +Hd)(x, ξ, t) + (Eu + Ed)(x, ξ, t) ∼ O(N2c ) , (26)
HE(x, ξ, t) = (H
u −Hd)(x, ξ, t) + (Eu − Ed)(x, ξ, t) t
4M2N
∼ O(Nc) . (27)
Here the respective already known (see above) flavour combinations of Hq(x, ξ, t) and Eq(x, ξ, t) leading in Nc appear.
Thus it is sufficient to focus on the “new” objects EM (x, ξ, t) and HE(x, ξ, t).
The model expressions for HE(x, ξ, t) and EM (x, ξ, t) (for a proton) read
HE(x, ξ, t) = −MNNc
12I
∫
dz0
2π
[{∑
m,occ
j,all
m 6=j
e−iz
0Em −
∑
m,all
j,occ
m 6=j
e−iz
0Ej
}
1
Em − Ej +
∂
∂xMN
∑
m,occ
j,all
m 6=j
e−iz
0Em
]
eiz
0xMN
×〈m|τa|j〉 〈j| τa(1 + γ0γ3) exp(−iz0pˆ3/2) exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉 , (28)
EM (x, ξ, t) =
iM2NNc
2I
∫
dz0
2π
[{∑
m,occ
j,all
m 6=j
e−iz
0Em −
∑
m,all
j,occ
m 6=j
e−iz
0Ej
}
1
Em − Ej +
∂
∂xMN
∑
m,occ
j,all
m 6=j
e−iz
0Em
]
eiz
0xMN
×〈m|τb|j〉 〈j| (1 + γ0γ3) exp(−iz0pˆ3/2) ǫ
3ab∆a
∆2⊥
exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉 . (29)
There are equivalent expressions with opposite sign where the summations go over non-occupied states. Considering
the generalizations due to the off-forward kinematics [15, 16], the derivations of Eqs. (28, 29) closely follow the
derivations of the model expression for the flavour non-singlet unpolarized distribution (fu1 − fd1 )(x) [30] and the
flavour-singlet helicity (gu1 +g
d
1)(x) and transversity (h
u
1 +h
d
1)(x) distribution functions [33]. In the following we check
explicitly the theoretical consistency of the expressions (28, 29).
6A. Form factors and polynomiality
Let us first verify the correct normalization of HE(x, ξ, t) and EM (x, ξ, t). In order to integrate Eqs. (28, 29) over
x it is convenient to substitute x → y = xMN and to extend the y-integration range [−MN ,MN ] to [−∞,∞] in
the large-Nc limit. The derivative in x drops out and after cancellations in the curly brackets in Eqs. (28, 29) only
summations over occupied states |m〉 and non-occupied states |j〉 and vice versa remain, which can be combined by
exploring model symmetries, see App. A. We obtain
1∫
−1
dxHE(x, ξ, t) = − Nc
6I
∑
m,occ
j,non
1
Em − Ej 〈m|τ
a|j〉 〈j| τa exp(i∆Xˆ) |m〉 ≡ G(I=1)E (t) ,
1∫
−1
dxEM (x, ξ, t) =
NcMN
2I∆2
∑
m,occ
j,non
iǫabc∆a
Em − Ej 〈m|τ
b|j〉 〈j| γ0γc exp(i∆Xˆ) |m〉 ≡ 3G(I=0)M (t) , (30)
where we identify the model expressions for the electric isovector G
(I=1)
E (t) and magnetic isoscalar G
(I=0)
M (t) form
factors [24, 25]. [The factor 3 in the second line of (30) appears because for GPDs the notion of (non-) singlet commonly
refers to quark flavours, e.g. (Hu +Hd). In contrast, in the case of form factors it refers to proton and neutron, e.g.
G
(I=0)
M ≡ GpM + GnM .] From (23, 26, 27, 30) and recalling that the leading large-Nc GPDs (Hu + Hd)(x, ξ, t) and
(Eu − Ed)(x, ξ, t) are correctly normalized [15], we find for the subleading GPDs in agreement with Eq. (2)
1∫
−1
dx (Hu −Hd)(x, ξ, t) = (Fu1 − F d1 )(t) ,
1∫
−1
dx (Eu + Ed)(x, ξ, t) = (Fu2 + F
d
2 )(t) . (31)
In App. B it is explicitly demonstrated that the higher moments in x ofHE(x, ξ, t) and EM (x, ξ, t) are even polynomials
in ξ according to (3, 4). In fact, we find that in even moments the coefficients in front of the highest power in ξ have
opposite sign in (Eu + Ed)(x, ξ, t) and (Hu +Hd)(x, ξ, t) in accordance with the relation (5).
B. Spin sum rule
For the second moment of EM (x, ξ, t) at t = 0 we obtain in the χQSM, cf. App. C∫ 1
−1
dx xEM (x, ξ, 0) = 2S
Q + 2LQ = 2SN = 1 , (32)
where SN = 12 is the total spin of the nucleon, and S
Q and LQ are the respective contributions of the spin and orbital
angular momentum of quarks and antiquarks to the nucleon spin. The result in Eq. (32) is consistent. In the effective
theory the contribution of quark and antiquark degrees of freedom, JQ = SQ + LQ, must account entirely for the
nucleon spin, since there are no gluons in the model. Thus, the result in (32) means that the spin sum rule (7) is
consistently fulfilled in the model:
1∫
−1
dx x(Hu +Hd + Eu + Ed)(x, ξ, 0) = 2JQ = 1 . (33)
We note that in the model 2SQ = g
(0)
A = 0.35 where g
(0)
A denotes the isosinglet axial coupling constant [33]. Thus, in
the χQSM 35% of the nucleon spin are due to the quark spin, while 65% are due to the orbital angular momentum
of quarks and antiquarks.
In a gauge theory it is not possible to separate unambiguously spin and orbital momentum [43, 44]. It also is by no
means clear that the identification of the model expression for quark orbital momentum in Eq. (32) is unambiguous.
It is interesting to note that one arrives at the same result by intuitively identifying Lˆi = ǫijkxˆj pˆk with the orbital
angular momentum operator of the effective theory (10), cf. [45]. However, one has to keep in mind that this issue can
rigorously be studied in the instanton vacuum model from which the χQSM was derived. Noteworthy in this context
is that g
(0)
A in the chiral quark soliton model arises from the realization of the axial anomaly in the instanton vacuum
[40].
Since in the chiral quark-soliton model also the total momentum of the nucleon is carried by quarks and antiquarks
only [26], i.e. MQ = 1, we obtain for the second moment of (Eu + Ed)(x, 0, 0) the result
1∫
−1
dx x(Eu + Ed)(x, 0, 0) = (2JQ −MQ) = 0 . (34)
7Interestingly, the result (34) holds also in QCD in the asymptotic limit of a large normalization scale µ → ∞. This
happens because MQ and 2JQ have the same asymptotics [43]
lim
µ→∞
MQ = lim
µ→∞
(2JQ) =
3NF
16 + 3NF
(35)
where NF is the number of quark flavours. It should be stressed, however, that at a low scale µ ∼ 600MeV in the
model MQ = 2JQ = 1 is far from the asymptotic values in Eq. (35).
Eq. (34) is the general prediction of any model lacking explicit gluon degrees of freedom, which is able to consistently
describe the nucleon in terms of quark and antiquark degrees of freedom – such as the χQSM. One can show, using
methods of theory of the instanton vacuum [40] that the gluon contribution to the nucleon momentum and angular
momentum is parametrically suppressed by the packing fraction of the instantons in the vacuum. Therefore in order
to obtain non-zero gluon contributions one has to extend χQSM beyond the leading order in the instanton packing
fraction.
Noteworthy, it has been argued that momentum and angular momentum should be equally distributed among
quarks and gluons at any scale, not only in the asymptotic limit (35), an observation which can be reformulated as
the absence of an anomalous gravitomagnetic moment of the nucleon [46].
C. Forward limit
Finally let us discuss the forward limit. From (27) we see that HE(x, 0, 0) = (H
u − Hd)(x, 0, 0). Indeed, taking
∆ → 0 in Eq. (28) and making use of the hedgehog symmetry we recover, in agreement with Eq. (8), the model
expression for the flavour non-singlet unpolarized distribution function [30]
HE(x, 0, 0) =
MNNc
12I
∑
m,occ
j,all
m 6=j
[
2
Ej − Em −
∂
∂xMN
]
〈m|τa|j〉 〈j| τa(1+γ0γ3) δ(xMN −Em− pˆ3) |m〉 ≡ (fu1 −fd1 )(x). (36)
The forward limit of EM (x, ξ, t) → (Eu + Ed)(x, 0, 0) + (fu1 + fd1 )(x) contains a contribution which is a priori not
known, namely (Eu+Ed)(x, 0, 0). Therefore we derive here the model expression for EM (x, 0, 0) which we shall study
below in detail. The limit ξ → 0 is regular1, however, to complete the forward limit we have to consider with care the
limit ∆⊥ → 0 of the structure
ǫ3jk∆j⊥
∆2⊥
exp(i∆⊥Xˆ⊥) = ǫ
3jk ∆
j
⊥
∆2⊥
+ iǫ3jkXˆm⊥
∆j⊥∆
m
⊥
∆2⊥
+O(∆k) . (37)
The first term in the above expansion (for small but non-zero ∆⊥) yields a vanishing result when inserted into
Eq. (29) due to the hedgehog symmetry. The second term from the expansion in (37) yields the only contribution
which survives the forward limit in Eq. (29). Making use of
lim
∆⊥→0
∆j⊥∆
m
⊥
∆2⊥
=
1
2
δjm⊥ ≡
1
2
(δjm − δj3δm3) (38)
we obtain upon use of hedgehog symmetry
EM (x, 0, 0) =
M2NNc
4I
ǫ3jk
∑
m,occ
j,all
m 6=j
[
2
Ej − Em −
∂
∂xMN
]
〈m|τk|j〉 〈j| (1 + γ0γ3) δ(xMN − Em − pˆ3) Xˆj⊥ |m〉 . (39)
As a final check we integrate EM (x, 0, 0) in Eq. (39) over x and recover the model expression for the isoscalar magnetic
moment [49]
1∫
−1
dxEM (x, 0, 0) =
MNNc
2I
∑
m,occ
j,non
1
Ej − Em 〈m|τ
3|j〉 〈j| γ0(γ × Xˆ)3 |m〉 = 3µ(T=0) . (40)
1 Of course, by limiting oneself to ξ = 0 one drops important physics. E.g., the skewedness parameter is related to the correlation length
between partons, see [47] and references therein. The present calculation unfortunately cannot shed any light in this respect.
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FIG. 1: The contour C of the ω-integral in Eq. (41).
VI. THE FORWARD LIMIT OF (Eu + Ed)(x, ξ, t)
In order to compute the forward limit (Eu + Ed)(x, 0, 0) ≡ EM (x, 0, 0) − (fu1 + fd1 )(x) we have to numerically
evaluate the model expression (39) for EM (x, 0, 0). The distribution function (f
u
1 + f
d
1 )(x) was already studied in
[26, 28, 29]. The numerical methods needed for that were developed in Refs. [28–30] in the context of usual parton
distributions functions in leading and subleading order of the large-Nc expansion. We restrict ourselves to the forward
limit since this numerical technic does not allow a full calculation of GPDs for all values of ξ and t.
A. Gradient expansion and chiral enhancement of GPDs
Before studying the model expression (29) numerically in the model we shall consider the gradient expansion of
EM (x, ξ, t). This expansion consists in expanding model expressions in powers of the gradients of the (static) chiral
field ∇U . Such an expansion would quickly converge if the soliton field were slowly varying, i.e. if the soliton were
large ∇U ∼ 1/Rsol ≪ M where Rsol is the scale characterizing the soliton size. However, for the physical soliton
solution Rsol ∼ 1/M . Nevertheless the gradient expansion is instructive and allows – among others – to study the
UV-behaviour of the model expressions. Also as we shall see below the gradient expansion allows to obtain strong
enhancement of GPD EM (x, ξ, t) in the region of small x. This enhancement is related to the effect of the pion cloud.
The model expression for EM (x, ξ, t) can be rewritten equivalently in the following way
EM (x, ξ, t) =
NcM
2
N ǫ
3bc∆b
2I∆2⊥
trγ,F
∫
C
dωd3p
(2π)4
〈p− ∆2 |
×
[
δ(ω + p3 − xMN )(1 + γ0γ3) 1
ω −H τ
c 1
ω −H
+
∂
∂xMN
δ(ω + p3 − xMN )(1 + γ0γ3)τc 1
ω −H
]
|p+ ∆2 〉 (41)
where“trγ,F”denotes the trace over Dirac- and flavour indices. The contour C is defined in Fig. 1. Closing the contour
C in the upper half of the complex ω-plane yields the expression in Eq. (29), closing it in the lower half plane one
obtains the equivalent expression where the summation goes over non-occupied states m, cf. the sequence of Eq. (29).
Expanding the expression in Eq. (41) in powers of ∇U one obtains2 already from the zeroth order in (∇U) the
following result for the continuum contribution
EcontM (x, ξ, t) =
M2Nf
2
pi
4I∆2⊥
∫
d3k
(2π)3
f(k+ ∆2 )f(k− ∆2 )
[
−∆2 k3 +∆3(∆k)
]
×
{
Θ(xMN + k
3)Θ(ξ − x)−Θ(−xMN − k3)Θ(x− ξ)
k3 − ξMN + (ξ ↔ −ξ)
2 For that we rewrite the operator 1/(ω −H) = 1
2
(ω +H)/(ω2 −H2)+ 1
2
(ω2 −H2)−1(ω +H) where H2 = pˆ2 +M2 + iMγ∇Uγ5 , and
expand it in powers of iMγ∇Uγ5 . Such a “symmetric expansion” of 1/(ω −H) ensures the hermiticity of the operator also in the case
when the series in ∇U is truncated.
9+
Θ(x− ξ)Θ(−x− ξ)−Θ(−x+ ξ)Θ(x+ ξ)
2ξMN
}
+O(∇U) (42)
where f(q) = f(|q|) is one of the functions describing the Fourier transform of the U(x)-field∫
d3x (U(x)− 1) e−iqx = g(q) + iτq|q| f(q) ; f(q) ≡ 4π
∫ ∞
0
dr r2j1(r|q|) sinP (r) . (43)
Note that the property EM (x, ξ, t) = EM (x,−ξ, t) holds manifestly for the result in Eq. (42).
In the derivation of Eq. (42) we encountered a logarithmic UV-divergence proportional to M2. This UV-divergence
can be regularized, e.g., by means of a Pauli-Villars subtraction as
EcontM (x, ξ, t)reg = E
cont
M (x, ξ, t;M)−
M2
M2PV
EcontM (x, ξ, t;MPV). (44)
We removed the dependence of the result on cutoff and regularization scheme in favour of a physical parameter,
namely the pion decay constant fpi = 93MeV given in the effective theory (10) by the (Euclidean loop) integral
f2pi =
∫
d4pE
(2π)4
4NcM
2
(p2E +M
2)2
∣∣∣∣∣
reg
(45)
which exhibits a similar UV-behaviour and can be regularized analogously. In the first order of the gradient expansion,
indicated only symbolically as O(∇U) in Eq. (42), we also encounter a logarithmic divergence which can be removed by
means of (44). Still higher orders in the gradient expansion yield finite results – as one can conclude from dimensional
counting. (Or from the fact that the isoscalar magnetic moment appears at the order (∇U)2 and is UV-finite, cf.
Ref. [23].)
Eq. (42) may give at best only a rough estimate for EM (x, ξ, t). Nevertheless it contains already main features of
the total result. Apart from the UV-properties, which we discussed above, the small x-behaviour in the chiral limit
is of interest since the exact numerical calculation is performed under such conditions. The soliton profile behaves at
large distances as
P (r) = −B
r2
(1 +mpir) exp(−mpir) , B = 3 g
(3)
A
8π f2pi
for r ≫
√
B (46)
with B related to axial isovector coupling constant g
(3)
A = 1.26 by means of equations of motion. The large distance
behaviour (46) of the soliton profile translates into the infrared-behaviour of the function f(q) as
f(q) = − 3 g
(3)
A
2f2pi
1
q2 +m2pi
for small q2,m2pi ≪ B−1. (47)
Note that B−1 < (4π fpi)
2 ∼ 1GeV2 which is a typical scale for chiral symmetry breaking effects. Apparently the
limits mpi → 0 and q→ 0 do not commute.3 In the forward limit in Eq. (42) this means
EM (x, 0, 0) =
M2Nf
2
pi
6I(2π)2
∞∫
|xMN |
dq q2f(q)2
(
1− |xMN |
q
)
x→0
=
[
3g
(3)
A
8πfpi
]2
MN
I
·


1
x
for mpi = 0,
π
2
MN
mpi
for mpi 6= 0.
(48)
Note that the soliton moment of inertia could be eliminated in favour of the ∆-nucleon mass-splitting as M∆−MN =
3/(2I).
Although derived in the leading order of the gradient expansion of model expressions Eq. (48) is of more general
nature as it is related to the effect of pion cloud. Therefore it is should be possible to derive the above expression by
means of chiral perturbation theory. Another interesting question is to find phenomenological manifestations of the
chiral enhancement. This would open new exciting possibilities to investigate chiral symmetry breaking in the hard
exclusive processes.
3 The non-commutativity of such limits is known, e.g., from studies of the polarized photon structure function, where the virtuality of the
photon plays the role of the momentum q. In that case it is known that the correct order of limits is to take first the photon virtuality
to zero, and only then to consider mpi → 0 [50]. However, in our context it is not clear in which order the limits should be taken, though
phenomenology may suggest first to keep mpi finite.
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B. Numerical calculation
As any quantity in the model, EM (x, 0, 0) is composed of a contribution of the discrete level and of the continuum
contribution defined, respectively, as
ElevM (x, 0, 0) =
M2NNc
4I
ǫ3jk
∑
Ej,all
j 6=lev
[
2
Ej − Elev −
∂
∂xMN
]
〈lev|τk|j〉 〈j| (1 + γ0γ3) δ(xMN − Em − pˆ3) Xˆj⊥ |lev〉
EcontM (x, 0, 0) =
M2NNc
4I
ǫ3jk
∑
Em<0
Ej,all
m 6=j
[
2
Ej − Em −
∂
∂xMN
]
〈m|τk|j〉 〈j| (1 + γ0γ3) δ(xMN − Em − pˆ3) Xˆj⊥ |m〉
= −M
2
NNc
4I
ǫ3jk
∑
Em>0
Ej,all
m 6=j
[
2
Ej − Em −
∂
∂xMN
]
〈m|τk|j〉 〈j| (1 + γ0γ3) δ(xMN − Em − pˆ3) Xˆj⊥ |m〉
(49)
For a constant (momentum-independent) M the continuum contribution to EM (x, ξ, t) is UV-divergent. It can be
regularized by means of a single Pauli-Villars according to Eq. (44). In the context of parton distribution functions
the Pauli-Villars method is the preferred regularization scheme because it preserves fundamental properties of parton
distributions such as sum rules, positivity, etc. [26]. It should be noted that the contribution of the discrete level,
which is always finite, must not be regularized [29].
The numerical method to evaluate EM (x, 0, 0) consists in placing the soliton in a large but finite spherical box,
introducing free basis states (eigenstates of the free Hamiltonian, see Eq. (11) and below), and discretizing the basis
by imposing appropriate boundary conditions following Kahana and Ripka [48]. The full Hamiltonian (11) can be
diagonalized numerically in this basis [49]. With the eigenfunctions and eigenstates, Φn(x) and En, one is then in a
position to evaluate Eq. (49). This is most conveniently done by converting the model expression (49) into a spherically
symmetric form [28]. For that we introduce in (49) a unit vector a such that the original expression is recovered for
a = e(3),
ǫ3jk(1 + γ0γ3) δ(xMN − Em − pˆ3) Xˆj⊥ → (1 + γ0a · γ) δ(xMN − Em − a · pˆ) (a× Xˆ)k . (50)
Then we average over all possible orientations of the vector a. This yields
EM (x, 0, 0) = −M
2
NNc
4I
∑
m,occ
j,all
m 6=j
[
2
Em − Ej +
∂
∂xMN
]
〈m|τk|j〉 〈j|
[
(pˆ× Xˆ)k I1(|pˆ|, Em, x)|pˆ|2
+(γ0γ × Xˆ)k (I0 − I2)(|pˆ|, Em, x)
2|pˆ| + (pˆ× Xˆ)
k (γ0γ · pˆ) (3I2 − I0)(|pˆ|, Em, x)
2|pˆ|3
]
|m〉 ,
where Il(|pˆ|) = (xMN − Em)
l
2 |pˆ|l Θ(|pˆ| − |xMN − Em|) . (51)
Although non-commuting operators appear in (51) nevertheless the final result is a hermitian operator. The averaging
procedure must, of course, preserve hermiticity. It is this step which prevents us from tackling also the problem to
compute numerically EM (x, ξ, t) for non-zero ξ and t. For finite ∆ the appearance of an additional direction, namely
along ∆⊥ perpendicular to the 3-direction, makes the resulting expressions unsuitable for a numerical evaluation.
Since we work with a discrete basis, the Θ-functions in (51) would lead to discontinuous functions. Therefore we
convolute the true (but due to finite size effects discontinuous) function with a narrow Gaussian
EsmM (x, 0, 0) =
1√
πγ
∞∫
−∞
dx′ e−(x−x
′)2/γ2 EM (x
′, 0, 0) . (52)
The width γ has to be chosen adequately according to the spacing of the discrete basis states [28]. The effect of
smearing can be removed by a deconvolution at the end of the calculation.
Fig. 2a shows the level and continuum contribution to EM (x, 0, 0) computed with M = 350MeV in a box of the
size Dbox = 18 fm with γ = 0.08. The continuum contribution is evaluated in the two equivalent ways, Eq. (49). This
explicit check of the equivalence of summations over respectively occupied and non-occupied states is an important
check of the numerical method, and provides a measure for the numerical accuracy. As can be seen from Fig. 2a the
two calculations yield the same result within few percent.
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FIG. 2: EM (x, 0, 0) = (Eu+Ed+Hu+Hd)(x, 0, 0) as function of x from the χQSM at a low scale of about µ ≈ 600MeV. At negative x
the curves show minus the antiquark distributions. Fig. 2a shows the (smeared) discrete level and continuum contribution. The latter is
evaluated in the two equivalent ways in Eq. (49), namely by summing respectively over occupied and non-occupied states. In Fig. 2b the
effect of the Gaussian smearing is removed. These are the final results for respectively the discrete level and the continuum contribution
to EM (x, 0, 0).
We observe that the equivalence is spoiled by unphysical boundary effects in the chiral limit, when the soliton profile
P (r) ∝ 1/r2 at large distances. In order to restore the equivalence it is necessary that the profile decays faster at large
r, e.g., as P (r) ∝ exp(−m′pir)(1 +m′pir)/r2 (the numerical parameter m′pi is not to be confused with the physical pion
mass discussed above). Since the issue of computing self-consistent profiles with finite pion masses in the Pauli-Villars
regularization is not yet solved, cf. [51] for a discussion, we use the chiral self-consistent profile computed in [29] up
to some rA and continue it for r > rA with an artificial Yukawa-tail-like suppression of the above kind. We find the
results practically independent of rA and m
′
pi in the range rA = (4 − 8) fm and m′pi = (100− 200)MeV. This proves
that what matters in this context is only a sufficiently small value of the profile at the boundary r = Dbox, and makes
the the extrapolations rA → ∞ and/or m′pi → 0 superfluous, which in principle would be necessary to remove any
dependence of these numerical parameters. The equivalence demonstrated in Fig. 2a is achieved in this way. This
procedure was applied successfully to cure an analogue problem in the calculation of the transversity distribution [34].
Let us comment on the effect of smearing, which is negligible whenever one deals with a continuous function such
as the contribution of the discrete level, cf. Fig. 2a and 2b. However, in the case of the continuum contribution the
smearing “hides” an 1/x singularity which becomes apparent only in the final result after the smearing is removed.
This is done by Fourier transforming EsmM (x, 0, 0) of Eq. (52), dividing out the smearing Gaussian, and re-Fourier
transforming – which yields the final results shown in Fig. 2b.
We remark that in the χQSM the parton distribution functions (and forward limits of GPDs) do not vanish for
|x| ≥ 1. Instead they decay as exp(−constNcx) at |x| ≥ 1 [26] which is, in fact, numerically very small even for
Nc = 3.
C. Discussion of the results
We observe in EM (x, 0, 0) that the discrete level contributes predominantly to the distribution of quarks rather
than antiquarks. The continuum, however, contributes nearly equal portions to quark and antiquark distributions. As
a result the isoscalar magnetic moment receives a negligible contribution from the continuum. This strong dominance
of the level contribution in the isoscalar magnetic moment was observed in earlier calculations [24]. The result (in
units of the nuclear magneton)
µ(T=0) ≡ (µp + µn) = 1
3
1∫
−1
dx EM (x, 0, 0) = 0.65 vs. 0.88exp , (53)
agrees with the experimental value to within 25%, i.e. to within an accuracy typical for χQSM results [25].
We can interpret xEM (x, 0, 0) ≡ x(Hu +Hd + Eu + Ed)(x, 0, 0) (and analog for antiquarks) as the distribution of
spin in the nucleon in the following sense. This quantity tells us how much of the nucleon spin is due to quarks (and
antiquarks) from which region in x. In Fig. 3a we see that the contribution due to quarks is concentrated around
x ≈ 0.3, while the contribution of antiquarks has its maximum in the region x ≈ 0.1. It is worthwhile stressing
that a sizeable fraction of the nucleon spin is due to antiquarks already a the low scale of the model. We find the
nucleon spin distributed among antiquarks and quarks as antiquarks : quarks = 1 : 4. Integrating xEM (x, 0, 0) over
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FIG. 3: Comparison of the “spin” and “momentum distribution” in the nucleon in the χQSM at a low scale of about µ = 600MeV.
Fig. 3a shows the respective contributions of quarks and antiquarks to the nucleon spin as distributions in x, defined as xEM (x, 0, 0) =
x(Eu+Ed+Hu+Hd)(x, 0, 0) (and analog for antiquarks). The sum of the integrals over x of the quark and antiquark contributions yields
2JQ = 1. Fig. 3b shows the distribution of the momentum in the nucleon, x(fu
1
+ fd
1
)(x), for quarks (and analog for antiquarks). The
sum of the integrals over x of the quark and antiquark contributions yields MQ = 1. In Fig.2c the total spin and momentum distributions
are compared.
x and summing up the contributions of quarks and antiquarks we obtain unity (within 2% numerical accuracy) – in
agreement with the spin sum rule in the model, Eq. (33).
It is instructive to compare – within the model – the spin distribution to the momentum distribution of quarks and
antiquarks in the nucleon. First we note that antiquarks are sizeable also in the momentum distribution, however,
less pronounced than in the case of the spin distribution, see Fig. 3b. The nucleon momentum is distributed as
antiquarks : quarks ≈ 1 : 10. Parameterizations performed at comparably low scales [52] indicate that about 30% of
the nucleon momentum is carried by gluons already at low scales. Thus, the distribution of momentum in the model
seems to overestimate the contribution of the quarks and antiquarks by about 30%, which is within the expected
accuracy of the model [31]. It will be interesting to see whether the situation is similar in the case of the spin
distribution.
Finally, comparing the momentum and spin distributions, Fig. 3c, we observe that the spin distribution is somehow
softer, i.e. shifted towards smaller x.
In Fig. 4a, we present the final results for x(Eu + Ed)(x, 0, 0) and x(Eu¯ + Ed¯)(x, 0, 0). We observe that x(Eu +
Ed)(x, 0, 0) is positive at small x, changes sign at x ≈ 0.18, and is sizeable and negative at large x, taking its maximum
around x ≈ 0.5. In contrast, x(Eu¯ + Ed¯)(x, 0, 0) appears everywhere positive and rather large at smaller values of x.
For the second moment of (Eu+Ed)(x, 0, 0) we obtain zero (within numerical accuracy) and confirm numerically the
sum rule in Eq. (34), which – let us stress it – must be fulfilled in any model which lacks explicit gluon degrees of
freedom but describes the nucleon consistently in terms of quark- and antiquark degrees of freedom.
In our calculation x(Eu+Ed)(x, 0, 0) results from the cancellation of two much larger quantities, namely xEM (x, 0, 0)
and x(fu1 + f
d
1 )(x), see Figs. 3 and 4, such that one could worry whether a small change in parameters could lead to a
much different final result. The only parameter, which could be in principle varied4, is the constituent quark mass M .
A calculation with M = 420MeV yields a somehow larger result, see Fig. 4b. However, what is more important in our
context, it fully confirms the basic features of the calculation with M = 350MeV in Fig. 4a, which is our final result.
Fig. 4c shows the model results LO-evolved [58] to Q2 = 5GeV2 which is a typical scale in experiments. Hereby we
assume the gluon GPD Eg(x, 0, 0), which mixes with (Eu + Ed + Eu¯ + Ed¯)(x, 0, 0) under evolution, to be zero at
the initial scale taken to be µ2 = 0.36GeV2. This is justified by the instanton vacuum model, where twist-2 gluon
distributions appear suppressed with respect to the respective quark distributions. (The meaning of the dotted line
in Fig. 4c is explained in the next section.)
4 We work here with the value M = 350MeV which follows from instanton phenomenology [37, 38] and was used in calculations of parton
distributions and GPDs [15–17, 26–33]. However, in numerous model calculations M was allowed to vary in the range (350− 450)MeV
[25]. The value M = 420MeV was somehow preferred because it reproduced exactly the delta-nucleon mass-splitting within the
proper-time regularization [25].
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FIG. 4: Fig. 4a shows the final result for x(Eu + Ed)(x, 0, 0) and x(Eu¯ + Ed¯)(x, 0, 0). For sake of comparison, see text, Fig. 4b shows
the result one obtains with a constituent mass M = 420MeV. Fig. 4c shows the final model result (Fig. 4a) LO-evolved from the initial
scale taken as µ2 = 0.36GeV2 to the scale Q2 = 5GeV2 typical in experiments. For comparison the Ansatz of Ref. [4] is shown for
quarks (dotted line). The corresponding antiquark distribution was assumed to be zero in Ref. [4]. Note that the effect of sea quarks was
simulated in [4] by a δ-function not visible in the plot.
VII. PHENOMENOLOGICAL IMPLICATIONS
Azimuthal asymmetries in hard exclusive production of vector mesons or pion pairs from a transversely polarized
target are among the observables which are most sensitive to Ea(x, ξ, t) [4]. Let us define
AM (xB , t, Q
2) =
1
|S⊥|
∫ pi
0
dφ σ(φ)− ∫ 2pi
pi
dφ σ(φ)∫ 2pi
0 dφ σ(φ)
, (54)
where σ is the cross section for the process γ∗L(q) + P (p) → M + P (p′) with γ∗L(q) denoting the deeply virtual
longitudinally polarized photon with momentum q. P is the incoming (outgoing) proton with momentum p (p′), and
M denotes the produced longitudinally polarized vector meson or the pion pair. For notational simplicity we omit
to indicate that σ is differential in t = (P − P ′)2, Q2 = −q2, xB = Q2/(2Pq) which is related to the skewedness
parameter as xB = 2ξ/(1 + ξ) in the limit Q
2 →∞, and the angle φ between the transverse proton spin S⊥ and the
plane spanned by the virtual photon and the produced meson.
For not too small xB the gluon exchange mechanism can be neglected in a first approximation and the asymmetry
AM reads [4, 53]
AM = −2|∆⊥|
πMN
Im(B∗C)
|B|2(1 − ξ2)− |C|2(ξ2 + t
4M2
N
)− Re(BC∗)2ξ2 (55)
where B and C are given for the respective final state M by
Bρ0 =
∫ 1
−1
dx (euH
u − edHd)
(
1
x− ξ + iε +
1
x+ ξ − iε
)
Cρ0 =
∫ 1
−1
dx (euE
u − edEd)
(
1
x− ξ + iε +
1
x+ ξ − iε
)
Bω =
∫ 1
−1
dx (euH
u + edH
d)
(
1
x− ξ + iε +
1
x+ ξ − iε
)
Cω =
∫ 1
−1
dx (euE
u + edE
d)
(
1
x− ξ + iε +
1
x+ ξ − iε
)
Bpi0pi0 =
∫ 1
−1
dx (euH
u + edH
d)
(
1
x− ξ + iε −
1
x+ ξ − iε
)
Cpi0pi0 =
∫ 1
−1
dx (euE
u + edE
d)
(
1
x− ξ + iε −
1
x+ ξ − iε
)
. (56)
An advantage of choosing such target spin asymmetries to access GPDs is that the (poorly known) meson distribution
amplitudes cancel out.
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FIG. 5: The transverse spin asymmetry in hard exclusive production of (a) ω0, (b) ρ0, and (c) a pi0 pair as functions of xB at t = −0.5 GeV2
and Q2 = 5 GeV2.
As we computed here only the forward limit and are particularly interested to see the impact of our result in
comparison to what previously was discussed in literature, we shall use the method of Ref. [54] to generate ξ- and
t-dependence from a given forward limit according to
Eq(x, ξ, t) = EqDD(x, ξ) F
q
2 (t)−D-term (57)
with the D-term as predicted in the model [4], F2(t) from [55, 56] and the so-called double distribution given by
EqDD(x, ξ) =
∫ 1
−1
dβ
∫ 1−|β|
−1+|β|
dα δ(x− β − αξ)Eq(β, 0, 0)h(β, α) . (58)
The Ansatz (57, 58) satisfies the polynomiality condition (4) for any “profile function” h(β, α), e.g., for
h(β, α) =
Γ(2b+ 2)
22b+1Γ2(b+ 1)
[
(1− |β|)2 − α2]b
(1− |β|)2b+1 (59)
where we shall choose b = 1 for our analysis, cf. Ref. [4]. For (Eu + Ed)(x, 0, 0) we use the result obtained in this
work, LO-evolved5 [58] to Q2 = 5 GeV2, cf. Fig. 4c. For (Eu − Ed)(x, 0, 0) we shall employ the Ansatz
(Eu − Ed)(x, 0, 0) = c1(fu1val − fd1val)(x) + c2δ(x) (60)
inspired by the model results for (Eu − Ed)(x, 0, 0) [4]. In Eq. (60) f q1val denotes the respective valence quark
distribution. The parameters c1,2 are fixed from κ
u−κd = 3.706 and, in order to discuss everything in terms of results
from the model, Ju − Jd ≈ 0.2 found in the χQSM [4].
We shall compare the results obtained with this Ansatz, which is consistently based on predictions from the χQSM
to the results presented in Ref. [4] where, in lack of better knowledge, the Ansatz (60) was assumed to hold also in the
flavour singlet case. Such an assumption is, however, not supported by our direct calculation as it is demonstrated in
Fig. 4c.
The GPD Hq(x, ξ, t) is modeled in an analog way on the basis of the parameterization [59] for f q1 (x) as described
in Ref. [4].
As can be seen from Fig. 5 the asymmetry has little sensitivity to the Ansatz used for (Eu + Ed)(x, 0, 0) in the
case of ω0 or ρ0 production. We find that the process most sensitive to (Eu + Ed)(x, 0, 0) is the production of a π0
pair. The effect of different Ansa¨tze can cleanly be distinguished. Experiments at HERMES or JLAB could provide
interesting insights. However, for an unambiguous quantitative analysis of the data it will be necessary to consider
systematically power and NLO corrections.
5 One could also first construct the GPD at the low scale in the above describe way, and then evolve it to the relevant scale. The difference
due to the non-commutativity of these steps is, however, small [57] – far smaller than other uncertainties in our model calculation as
well as corrections due to the neglect of NLO-corrections, possible power corrections, etc. We shall neglect it here.
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VIII. SUMMARY AND CONCLUSIONS
We have presented in the framework of the flavour-SU(2) version of the chiral quark-soliton model a study of
unpolarized GPDs, which appear at subleading order in the large-Nc limit, namely the flavour combinations (E
u +
Ed)(x, ξ, t) and (Hu −Hd)(x, ξ, t). For that we generalized the methods of Ref. [15] developed to study the leading
large-Nc GPDs, i.e. the respectively opposite flavour combinations.
Interestingly, the GPDs (Hu+Hd)(x, ξ, t) and (Eu+Ed)(x, ξ, t) are of the same order in the large-Nc counting but
handled differently in the model. The former appears already in leading order, while for the latter one must invoke
1/Nc (rotational) corrections to obtain a non-vanishing result. Nevertheless they enter the spin sum rule on equal
footing, which is satisfied in the model as we demonstrated. Furthermore, we have shown that also the subleading
GPDs satisfy the polynomiality condition, and that the coefficients in front of the highest power in ξ in even moments
of (Hu+Hd)(x, ξ, t) and (Eu+Ed)(x, ξ, t) are equal to each other up to an opposite sign. Given the different technical
handling in the model, the fulfillment of general requirements where both GPDs are involved is a strong check of the
consistency of the approach.
In the chiral quark-soliton model MQ = 2JQ already at a low scale, i.e. the fractions of nucleon momentum and
spin carried by quarks and antiquarks are the same. In QCD this relation becomes exact in the limit of a large
renormalization scale. Actually this is not a specific prediction of the chiral quark-soliton model, but should hold
in any model describing the nucleon consistently in terms of quark and antiquark degrees of freedom, i.e. without
gluon degrees of freedom. For such models to be consistent MQ = 2JQ = 1 must hold. The chiral quark-soliton
model fulfills this requirement. In the framework of the χQSM the contribution of gluons to the nucleon momentum
and angular momentum is suppressed with respect to the corresponding quark contributions by the small parameter
characterizing the packing fraction of instantons in vacuum [40].
We then focused on the GPD (Eu + Ed)(x, ξ, t) and computed numerically its forward limit with a constant
(momentum-independent) constituent quark mass M using the Pauli-Villars regularization. We found that (Eu +
Ed)(x, 0, 0) is negative at larger x and sizeable, and positive at small x, changing the sign at x ≈ 0.2, while (Eu¯ +
Ed¯)(x, 0, 0) is always positive and concentrated towards smaller x. Noteworthy is that in the model in the chiral limit
(Eu+Ed)(x, 0, 0) is strongly enhanced at small x with respect to (Hu+Hd)(x, 0, 0). It would be interesting to study
in more detail the chiral mechanism responsible for that.
On the basis of our results we estimated azimuthal asymmetries in hard exclusive production of vector mesons and
pion pairs from a transversely polarized proton target. We observe that pion pair production is very sensitive to
(Eu +Ed)(x, ξ, t). Data from experiments at HERMES or JLAB on this reaction would be well suited to distinguish
among different models.
Our work – in particular the demonstration of the consistency of the approach – not only increases the faith into
the applicability of the chiral quark-soliton model to the computation of GPDs, but also practically paves the way to
further studies of GPDs in leading and subleading order of the large-Nc limit.
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Note added in proof
After this work was finished Ref. [60] appeared, where among others a fit of (Eq − E q¯)(x, 0, t) to the Pauli form
factor was reported. The result of Ref. [60] for (Eu + Ed − Eu¯ − Ed¯)(x, 0, 0) is qualitatively similar to the ansatz of
Ref. [4] plotted in Fig. 4c and differs from our result which is negative at all x.
APPENDIX A: MODEL SYMMETRIES
The effective Hamiltonian Hˆeff , Eq. (11), commutes with the parity operator Πˆ and the grand-spin operator
Kˆ = Sˆ+ Lˆ+ Tˆ (A1)
where Sˆ = 12γ5γ
0γ, Lˆ = rˆ× pˆ and Tˆ = 12τ denote the single-quark spin, angular momentum and isospin operators, re-
spectively. Thus, the single-quark states are characterized by the eigenvalues of Πˆ, Kˆ2 and K3 as |n〉 = |En, π,K,K3〉.
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Consider the unitary matrix G5 given in the standard representation of Dirac- and flavour SU(2) matrices by
G5 ≡ γ2γ5τ2. It acts as G5γµG−15 = (γµ)T and G5τaG−15 = −(τa)T such that in coordinate space the Hamiltonian
(11) is transformed as G5HG
−1
5 = H
T . This transformation acts as G5Φn(x) = Φ
∗
n(x). The G5 transformation in
the effective chiral theory corresponds to time reversal transformation accompanied by a flavour rotation [61]. Using
the G5-transformation one finds 〈m|τa|j〉 = −〈j|τa|m〉 and, e.g.,
〈m|(1 + γ0γ3)F (pˆ)G(Xˆ)H(pˆ)|j〉 = 〈j|(1 − γ0γ3)H(−pˆ)G(Xˆ)F (−pˆ)|m〉
〈m|τc(1 + γ0γ3)F (pˆ)G(Xˆ)H(pˆ)|j〉 = −〈j|τc(1− γ0γ3)H(−pˆ)G(Xˆ)F (−pˆ)|m〉 . (A2)
Another useful symmetry of the model is parity Πˆ|m〉 = pm|m〉 with pm = ±1 depending on the parity of the state.
We obtain, e.g.,
〈m|τc(1 + γ0γ3)F (pˆ)G(Xˆ)H(pˆ)|j〉 = pmpj〈m|τc(1− γ0γ3)H(−pˆ)G(−Xˆ)F (−pˆ)|j〉 . (A3)
APPENDIX B: POLYNOMIALITY
For the discussion of moments the following expressions for HE(x, ξ, t) and EM (x, ξ, t) are more convenient
HE(x, ξ, t) = −MNNc
12I
∫
dz0
2π
eiz
0xMN
[{ ∑
m,occ
j,all
e−iz
0Em −
∑
m,all
j,occ
e−iz
0Ej
}
1
Em − Ej
×〈m|τa|j〉 〈j| τa(1 + γ0γ3) exp(−iz0pˆ3/2) exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉
+iz0
∑
m,occ
e−iz
0Em〈m|3(1 + γ0γ3) exp(−iz0pˆ3/2) exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉
]
, (B1)
EM (x, ξ, t) =
iM2NNc
2I
∫
dz0
2π
eiz
0xMN
[{ ∑
m,occ
j,all
e−iz
0Em −
∑
m,all
j,occ
e−iz
0Ej
}
1
Em − Ej
×〈m|τb|j〉 〈j| (1 + γ0γ3) exp(−iz0pˆ3/2) ǫ
3ab∆a
∆2⊥
exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉
+iz0
∑
m,occ
e−iz
0Em〈m|τb(1 + γ0γ3) exp(−iz0pˆ3/2) ǫ
3ab∆a
∆2⊥
exp(i∆Xˆ) exp(−iz0pˆ3/2) |m〉
]
. (B2)
If we take out from the double sums the limiting case Em → Ej and combine it with the respective single sums in
(B1, B2) then we arrive at the expressions in Eqs. (28, 29).
1. HE(x, ξ, t)
In order to demonstrate that at t = 0 the moments of HE(x, ξ, t) are in fact functions of ξ only, we have to continue
analytically the expression in Eq. (B1) to the unphysical point t = 0. For that note that
exp(i∆Xˆ) =
∞∑
le=0
(−i2ξMN)le
le!
|Xˆ|lePle(cos θˆ) (B3)
where cos θˆ = Xˆ3/|Xˆ| and Ple are Legendre polynomials, cf. Ref. [17]. Taking moments of HE(x, ξ, t) in Eq. (B1)
and using (B3) we obtain
M
(L)
E (ξ, 0) ≡
1∫
−1
dx xL−1HE(x, ξ, t) = − MNNc
12IMLN
∞∑
le=0
(−i2ξMN)le
le!
×
[
L−1∑
Li=0
(
L− 1
Li
) Li∑
J=0
(
Li
J
)
1
2Li
{∑
m,occ
j,all
EL−Li−1m −
∑
m,all
j,occ
EL−Li−1j
}
AEmj
Em − Ej
−(L− 1)
L−2∑
Li=0
(
L− 2
Li
) Li∑
J=0
(
Li
J
)
1
2Li
∑
m,occ
EL−Li−2m B
E
m
]
, (B4)
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with
AEmj ≡ 〈m|τb|j〉 〈j| τb(1 + γ0γ3) (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |m〉 ,
BEm ≡ 〈m|3(1 + γ0γ3) (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |m〉 . (B5)
Using the G5-symmetry, cf. Eq. (A2), we obtain
AEmj ≡ (−1)Li〈j|τb|m〉 〈m| τb(1− γ0γ3) (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |j〉 ,
BEm ≡ (−1)Li〈m|3(1− γ0γ3) (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |m〉 . (B6)
Exploring these identities (for the first it is necessary to rename under the sum in (B4) m↔ j) we see that AEmj and
BEm in Eq. (B4) are effectively given by (note that (γ
0γ3)N = 1 for even N and γ0γ3 for odd N)
AEmj = 〈m|τb|j〉 〈j| τb(γ0γ3)Li (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |m〉 ,
BEm = 〈m|3(γ0γ3)Li (pˆ3)J |Xˆ|lePle(cos θˆ) (pˆ3)Li−J |m〉 . (B7)
From parity transformations, cf. Eq. (A3), we conclude that AEmj = B
E
m = 0 if le is odd. Thus we observe that only
even powers in ξ contribute to the moments. In the next step we demonstrate that the infinite series in ξ2 is actually
a polynomial.
For that let us first observe that the object τb|j〉〈j|τb (where summation over b is implied) is invariant under hedgehog
rotations. Thus it is practically an irreducible spherical tensor operator of rank zero with respect to simultaneous
isospin- and space-rotations [17]. So in both cases, AEmj and B
E
m, we deal with matrix elements of the type 〈m|Oˆ|m〉,
the only difference being the “replacement” τb|j〉〈j|τb → 3 which is irrelevant for our arguments. The matrix elements
〈m|Oˆ|m〉 are non-zero only if the operator Oˆ is rank zero, cf. [17] for details. Oˆ is a product of pˆa, γ0γ3 which have
rank 1, and Ple which is rank le, and rank zero operators. Oˆ is in general a reducible operator which, however, can
be decomposed into a sum of irreducible tensor operators. For our purposes it is important to find the highest value
for le in the Legendre polynomial which yields a non-vanishing result for 〈m|Oˆ|m〉. The operators pˆa, which appear
Li-times in whatever ordering, and operator γ
0γ3, for odd Li, can combine to an operator with maximally rank Li+1
for odd Li (Li for even Li). Thus le can have at most rank Li + 1 for odd Li (Li for even Li), otherwise the total
operator Oˆ cannot reach the needed rank zero. Considering that Li ≤ (L − 1) we see that the Lth moment of M (L)E
is a polynomial with the highest power ξL for even L (ξL−1 for odd L). Thus we obtain
M
(L)
E (ξ, 0) =
− MNNc
12IMLN
[
L−1∑
Li=0
(
L− 1
Li
) Li∑
J=0
(
Li
J
)
1
2Li
Li+1∑
le=0
le even
(−i2ξMN)le
le!
{∑
m,occ
j,all
EL−Li−1m −
∑
m,all
j,occ
EL−Li−1j
}
AEmj
Em − Ej
−(L− 1)
L−2∑
Li=0
(
L− 2
Li
) Li∑
J=0
(
Li
J
)
1
2Li
Li+2∑
le=2
le even
(−i2ξMN)le−2
le!
∑
m,occ
EL−Li−2m B
E
m
]
. (B8)
2. EM (x, ξ, t)
In this case the relevant structure to be continued analytically to t = 0 is, cf. Ref. [17],
∆a⊥
∆2⊥
exp(i∆Xˆ) =
∞∑
le=2
(−i2ξMN)le−2
le!
[pˆa⊥, |Xˆ|lePle(cos θˆ)] . (B9)
With this result we obtain for the moments of EM (x, ξ, t) at zero t the result
M
(L)
M (ξ, 0) ≡
1∫
−1
dx xL−1EM (x, ξ, t) =
iM2NNc
2IMLN
∞∑
le=2
(−i2ξMN)le−2
le!
×
[
L−1∑
Li=0
(
L− 1
Li
) Li∑
J=0
(
Li
J
)
1
2Li
{∑
m,occ
j,all
EL−Li−1m −
∑
m,all
j,occ
EL−Li−1j
}
AMmj
Em − Ej
−(L− 1)
L−2∑
Li=0
(
L− 2
Li
) Li∑
J=0
(
Li
J
)
1
2Li
∑
m,occ
EL−Li−2m Bm
]
, (B10)
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with
AMmj ≡ 〈m|τb|j〉 〈j| (1 + γ0γ3) (pˆ3)J ǫ3ab[pˆa⊥, |Xˆ|lePle(cos θˆ)] (pˆ3)Li−J |m〉 ,
BMm ≡ 〈m|τb (1 + γ0γ3) (pˆ3)J ǫ3ab[pˆa⊥, |Xˆ|lePle(cos θˆ)] (pˆ3)Li−J |m〉 . (B11)
From the G5-symmetry, cf. Eq. (A2), we obtain
AMmj = 〈m|τb|j〉 〈j| (γ0γ3)Li+1 (pˆ3)J ǫ3ab[pˆa⊥, |Xˆ|lePle(cos θˆ)] (pˆ3)Li−J |m〉 ,
BMm = 〈m|τb (γ0γ3)Li+1 (pˆ3)J ǫ3ab[pˆa⊥, |Xˆ|lePle(cos θˆ)] (pˆ3)Li−J |m〉 . (B12)
From parity transformations, cf. Eq. (A3), it follows that AMmj and B
M
m are zero if le is odd. Thus we observe again
that only even powers in ξ contribute to the moments.
In order to demonstrate that the infinite series in even powers of ξ is actually a polynomial, let us consider first the
double sum contribution in Eq. (B10). We deal with the matrix elements AMmj which are of the type 〈m|τa|j〉〈j|Oˆa|m〉.
The operator τa is an irreducible spherical tensor operator of rank 1 with respect to simultaneous isospin- and space-
(hedgehog-) rotations [17]. Thus only certain transitions 〈m|τa|j〉 between the states |m〉 and |j〉 are non-zero. In
order for the entire expression for AMmj to be non-zero the same transitions must appear also in the piece 〈j|Oˆa|m〉,
thus the operator Oˆa must be rank 1, too.
The operators τa, pˆa, γ0γ3 and Ple , which in our context are relevant for the rank counting, can combine to an
operator with maximally rank Li + 2 for even Li (Li + 1 for odd Li). Thus le can be at most Li + 3 for even Li
(Li + 2 for odd Li), otherwise the total operator Oˆ
a cannot reach the needed rank 1. However, le must be even, thus
le ≤ (Li +2) for even Li (Li +1 for odd Li). Finally Li ≤ (L− 1). Therefore the double sum contribution to the Lth
moment of M
(L)
M is a polynomial with the highest power ξ
L−2 for even L (ξL−1 for odd L).
BMm in Eq. (B12) is zero unless the operators (|Xˆ|, τa, the Li +1 operators pˆa, Ple , and γ0γ3 if Li is odd) combine
to a rank 0 operator. One obtains the same restriction for the maximal value of le in term of Li as above, however,
in this case Li ≤ (L− 2). Thus, we finally obtain (with AMmj , BMm given in Eq. (B12))
M
(L)
M (ξ, 0) =
iM2NNc
2IMLN
[
L−1∑
Li=0
(
L− 1
Li
) Li∑
J=0
(
Li
J
)
1
2Li
Li+2∑
le=2
le even
(−i2ξMN)le−2
le!
{∑
m,occ
j,all
EL−Li−1m −
∑
m,all
j,occ
EL−Li−1j
}
AMmj
Em − Ej
−(L− 1)
L−2∑
Li=0
(
L− 2
Li
) Li∑
J=0
(
Li
J
)
1
2Li
Li+2∑
le=2
le even
(−i2ξMN)le−2
le!
∑
m,occ
EL−Li−2m B
M
m
]
. (B13)
We know that (Hu+Hd)(x, ξ, t) satisfies polynomiality and that its even moments L are polynomials of degree L [17].
Here we observe that even moments L of EM (x.ξ, t) are polynomials of degree (L− 2). Since EM (x, ξ, t) is the sum of
(Eu+Ed)(x, ξ, t) and (Hu+Hd)(x, ξ, t) this means that the moments of (Eu+Ed)(x, ξ, t) also satisfy polynomiality
and that the coefficients of the highest power ξL of even moments satisfy the relation (5).
APPENDIX C: PROOF OF THE SPIN SUM RULE
The model expression for the second moment of EM (x, ξ, t) is given by (B13) for L = 2. By observing that
[pˆa⊥, Xˆ
2P2(cos θˆ)] = iXˆ
a
⊥ we obtain
M
(2)
M (ξ, 0) = −
Nc
4I
[ ∑
m,occ
j,all
(Em + Ej)〈m|τb|j〉 〈j| (γ0γ3)ǫ3abXˆa⊥|m〉
Em − Ej +
∑
m,occ
j,non
2〈m|τb|j〉 〈j| pˆ3ǫ3abXˆa⊥ |m〉
Em − Ej
]
. (C1)
Using the following identity, where we explore the equations of motion in the model,
〈j| (Em + Ej)γ0γ3 Xˆj⊥|m〉 = 〈j|
{
H , γ0γ3 Xˆj⊥
}
|m〉 = 〈j|
(
2pˆ3Xˆj⊥ + iγ
jγ3
)
|m〉 (C2)
we obtain
M
(2)
M (ξ, 0) =
Nc
2I
∑
m,occ
j,non
1
Em − Ej
[
〈m|τ3|j〉 〈j| γ0γ3γ5|m〉+ 2〈m|τ3|j〉 〈j|ǫ3abXˆapˆb|m〉
]
. (C3)
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In Eq. (C3) we identify the model expressions for the spin SQ and angular momentum LQ contribution of quarks and
antiquarks to the spin of the nucleon SN
SQ ≡ Nc
2I
∑
m,occ
j,non
1
Em − Ej 〈m|τ
3|j〉 〈j|γ0γ3γ5|m〉 = 1
2
g
(0)
A ,
LQ ≡ Nc
I
∑
m,occ
j,non
1
Em − Ej 〈m|τ
3|j〉 〈j|ǫ3jkXˆj pˆk|m〉 , (C4)
where g
(0)
A denotes the isosinglet axial coupling constant. The operators in (C3) can be added according to Eq. (A1)
1
2
γ0γ3γ5 + ǫ
3jkXˆj pˆ3 = Sˆ3 + Lˆ3 = Kˆ3 − Tˆ 3 . (C5)
Noting that in Eq. (C3) the matrix elements 〈j|Kˆ3|m〉 = K3j δjm vanish we obtain
M
(2)
M (ξ, 0) ≡ 2SQ + 2LQ =
Nc
4I
∑
m,occ
j,non
1
Ej − Em 〈m|τ
3|j〉 〈j|τ3|m〉 = 1 . (C6)
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